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Abstract

Recently, considerable focus has been given to the problem of
determining the boundary between tractable and intractable
planning problems. To this end, we present complexity re-
sults for two classes of planning problems from the literature.
First, we show that approximating a solution to a planning
problem in the class 3S to within polynomial factors is NP-
hard. We also show that plan existence is NP-hard for plan-
ning problems with chain causal graphs and variables with
domain size at most 7. In addition to the immediate implica-
tions, our results provide some insight into what makes some
planning problems intractable.

Introduction

Recent research in planning has made a significant effort
to determine the boundary between tractable and intractable
planning problems (Brafman and Domshlak 2003; Domsh-
lak and Dinitz 2001; Giménez and Jonsson 2008; Jonsson
and Biackstrom 1998; Jonsson 2007; Katz and Domshlak
2007a). Typically, researchers have used the causal graph
of a planning problem to characterize its structure. As a
result, there are classes of planning problems known to be
tractable, and classes of problems for which no efficient so-
lution exists, unless some established assumption fails, like
P # NP. However, the boundary between tractable and in-
tractable planning problems is still not clearly established.
The present paper contributes novel complexity results for
two classes of planning problems from the literature, in an
effort to reduce this complexity gap.

The problem is not of purely theoretical interest. For in-
stance, complex planning problems can be projected onto
tractable fragments of planning problems to generate heuris-
tics to be used during search (Katz and Domshlak 2007b).
Also, the causal graph heuristic (Helmert 2006) exploits the
hierarchical structure of a planning problem by transforming
it into a more tractable form: first, it translates propositional
variables into multi-valued variables, a process that simpli-
fies the causal graph of the problem; then, it keeps relaxing
the problem until the causal graph becomes acyclic.

Our first contribution relates to the class 3S of planning
problems, designed by Jonsson and Bickstrom (1998) to
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show that there are planning problems that are decidable in
polynomial time but have exponentially long solutions. The
authors devised an algorithm that outputs prefixes of the so-
lution to planning problems in 3S and showed that the algo-
rithm is polynomial in the size of the output. On the other
hand, Giménez and Jonsson (2008) developed a polynomial-
time algorithm that outputs a complete solution to planning
problems in 3S in the form of macros.

Interestingly, both algorithms for plan generation in 3S
may generate plans that are exponentially longer than the
optimal. It is well known that finding optimal plans is NP-
hard for planning problems in 3S, but how good of an ap-
proximation can we obtain? In this paper we show that in
general, approximating a solution to planning problems in
3S to within polynomial factors is NP-hard. Concretely, we
show that the ratio between the lengths of the best solution
a tractable planner may obtain and the actual optimal solu-
tion grows exponentially with the size of the input, unless
P = NP. The only previous work on the complexity of
approximations that we are aware of (Helmert, Mattmiiller,
and Roger 2006) deals exclusively with planning problems
that have polynomial-length solutions.

Our second contribution concerns the class C,, of plan-
ning problems with multi-valued state variables and chain
causal graphs, that is, the causal graph is just a directed path.
Let CF be the subclass of C,, when we restrict to planning
problems where the domains of the variables have size k or
less. It is known that class C2 is polynomial-time solvable
(Brafman and Domshlak 2003), and that deciding class C,,
is NP-hard (Giménez and Jonsson 2008). Hence the com-
plexity of solving and deciding classes C2 and C,, is well
known; our aim is to study the complexity of solving or de-
ciding those classes in between, namely (Cfl for k > 3.

Domshlak and Dinitz (2001) showed that there are solv-
able instances of C3 that require exponentially long plans.
This means there is no polynomial-time plan generation al-
gorithm for Ck with k& > 3, as was the case for C2. How-
ever, this does not rule out the existence of a polynomial-
time algorithm deciding class C¥, or even an algorithm that
generates plans in some succinct form, like that of Giménez
and Jonsson (2008) for the class 3S of planning problems.
This is not incompatible with C,, being NP-hard.

In this contribution we show that deciding class C* for
k > 7 is a NP-hard problem. This result strengthens that



of Giménez and Jonsson (2008). We prove this result in
two parts. First we prove that deciding C1! is NP-hard,
by means of a reduction from the well known CNF-SAT
problem. The underlying idea in the reduction admits some
improvement, so we show how to obtain another reduction,
much more involved, that only requires variable domains of
size 7.

Notation

Throughout the paper, we use [n] and [i, n] to denote the sets
{1,...,n}and {i,...,n}.

Let V be a set of state variables, and let D(v) be the finite
domain of state variable v € V. We define a state s as a
function on V' that maps each state variable v € V to a value
s(v) € D(v) in its domain. A partial state p is a function
on a subset V}, C V of state variables that maps each state
variable v € V,, top(v) € D(v). Forasubset C C V of state
variables, p | C is the partial state obtained by restricting
the domain of p to V, N C. Sometimes we use the notation
(v1 = 21,...,vx = xg) to denote a partial state p defined
by Vp, = {v1,..., v} and p(v;) = z; for each v; € V,.

A planning problem is a tuple P = (V]init, goal, A),
where V' is the set of variables, init is an initial state, goal
is a partial goal state, and A is a set of operators. An oper-
ator a = (pre(a);post(a)) € A consists of a partial state
pre(a) called the pre-condition and a partial state post(a)
called the post-condition. Operator a is applicable in any
state s such that s(v) = pre(a)(v) for each v € Vp,.c(4), and
applying operator a in state s results in a new state s’ such
that s'(v) = post(a)(v) if v € Vjosi(a) and s'(v) = s(v)
otherwise.

In this paper, all operators are unary, which means that
|Vpost(ay)| = 1. In this case, the causal graph of a planning
problem P is a directed graph (V, E) with state variables as
nodes. There is an edge (u,v) € E if and only if u # v and
there exists an operator a € A such that u € V),..(,) and
v € Vpost(a)~

Let v be a variable of a planning problem P. The domain
transition graph of v is a labelled, directed graph G where
the set of vertices is the domain D(v) of v, and there is a
directed edge (x,y) with label p, where p is a partial state
of P not defined on v, if the planning instance P has an
operator (p,v = x;v = y). In the particular case where v
has a single parent v’ in the causal graph of P, the edges of
the domain transition graph can simply be labelled with the
value or values v’ can have for v to move from z to ¥.

3S

The class 3S (Jonsson and Bickstrom 1998) consists of plan-
ning problems with binary state variables and acyclic causal
graphs. In addition, each state variable is either static, sym-
metrically reversible or splitting. A variable v is symmetri-
cally reversible if, for each operator a = (p,v = 0;v = 1),
where p is a partial state not defined on v, there exists a
symmetric operator ¢’ = (p,v = 1;v = 0), and vice versa.
Thus, if p holds, then a and a’ can be applied repeatedly to
flip the value of v. For a definition of static and splitting, we
refer to Jonsson and Béackstrom (1998).

Figure 1: Causal graph of the planning problem P;

We show that in general, it is not possible to approxi-
mate a solution to a 3S planning problem to within a poly-
nomial factor. Our proof is based on a reduction from
MINIMUM SET-COVER, a problem described by a set S =
{z1,...,2,} of elements and a set C = {C4,...,C}} of
subsets of S, i.e., for each i € [k], C; C S. The problem
is to determine a minimal subset C’ C C that covers S, i.e.,
for each z; € S there exists C; € C’ such that z; € C;.

First, we reduce MINIMUM SET-COVER to a planning
problem P;. This reduction is a modified version of the re-
duction described by Jonsson and Béckstrom (1998). The
set of state variables of P; is V = V; U W;, where
Vi = {v},...,v}} contains one state variable v} per sub-
set C; € C and Wi = {wi,...,w}} contains one state
variable w7 per element z; € S.

For ease of definition we introduce some additional nota-
tion. Let p(X,y), X € {V;, W1} andy € {0, 1}, be the par-
tial state assigning y to all variables in X. Thus p(V7,0) =
(v} =0,...,0vF = 0). Let ¢(X,m), X € {V;,W;} and
m € {1,...,|X|} be the partial state assigning 0 to all vari-
ables in X except ™, to which it assigns 1. Thus ¢(V7,4) =
(vl =0,...,00 =00l = 1,0 =0,...,0F = 0).

For each state variable v%, P; contains an operator a} =
(vi = 0;v! = 1) and a corresponding symmetric operator
al = (vl = 1;v1 = 0). For each subset C; € C and each
element x; € Cj, there is an operator

bi‘j = (q(Vl,i),w'{ = O;w'{ =1),

and a corresponding symmetric operator
b7 = (q(Va,i),w] = 1;w] = 0).

In other words, the pre-condition of b/ and b is that all
variables v7" for m € [k] are 0, except vi, which is 1. The
initial state is given by init = (p(V1,0),p(W1,0)) and the
goal state by goal = (p(V4,0), p(W1,1)).

Lemma 1. P; belongs to the class 3S.
Proof. The causal graph of P is acyclic as shown in Figure

1. Moreover, it follows from the definition of operators that
each state variable is symmetrically reversible. O

Lemma 2. Let C' be a minimal subset that covers S, and
let p = |C'|. An optimal plan for Py has length 2p + n.



Proof. We describe an optimal plan for P;. For each subset
C; € C', use the operator a! to set v} to 1. For each element
z; € C;, unless w] has already been set to 1, use b to
set wl to 1. Finally, use a} to reset vi to 0. Since C” is a
covering subset, this plan sets the value of each w? to 1 using
a total of 2p 4 n operators. Moreover, it is impossible to use
less operators to solve P; since that would require a smaller
covering subset, contradicting that C’ is minimal. O

Corollary 3. An optimal plan for moving from the goal state
back to the initial state has length 2p + n.

Proof. Follows immediately from the fact that all state vari-
ables are symmetrically reversible. All we need to do is re-

place each b’ij with bij/ in the solution for P;. O

We generalize P, and reduce MINIMUM SET-COVER
to a planning problem FP;, ¢ > 1. This time, each clause
C; € C corresponds to ¢ state variables vi, ..., v} and each
element z; € S corresponds to ¢ state variables w1, ..., wy,
soV = ViUW;U...UV,UW,. The operators a} and b’ re-
main the same, as well as their symmetric counterparts. For
each u € [2,t] and each clause C; € C, there is an operator

ai = <p(Vu—170)7p(Wu—170)aIUfL = O,U; = 1>7

u

and a corresponding symmetric operator

a’ = (p(Vu_1,0), p(Wo_1,0), v} = 150, = 0).

u

For each u € [2,t], each clause C; € C, and each element
x; € Cjy, there is an operator

bid = (p(Vy—1,0), p(Wy—1,1), (Vi 9), 0l = 05wl = 1),

and a corresponding symmetric operator

sz, = <p(Vu_17O),p(Wu_171),(](‘/1“1.),11)‘& = 1,11)‘& = 0>

The initial state is init = (p(V1,0),...,p(Wt,0)) and the
goal state is goal = (p(V4,0), p(Wy, 1))

Lemma 4. P; belongs to the class 3S.

Proof. 1f we place state variables in the causal graph in the
order Vi, Wy, ..., Vi, Wy, all edges go from left to right, en-
suring acyclicity. As an example, the causal graph of P, ap-
pears in Figure 2. From the definition of operators it follows
that each state variable is symmetrically reversible. O

Lemma 5. Let L; denote the length of an optimal plan solv-
ing P;. Foreacht > 1, Ly = 2pL;_1 + 2p + n.

Proof. To solve P, it is necessary to use a’ to set v} to 1
for each C; € C’, use operators b}/ to set each w! to 1,
and use a! to reset v! to 0. Each time we do this we have
to solve P;_; to satisfy the pre-condition of bij , and then
again (returning P;_; to its initial state) to satisfy the pre-
condition of a%l. In total, this uses 2pL;_1+2p+n operators.

Figure 2: Causal graph of the planning problem P»

Lemma 6. An optimal plan for solving P, contains a total
of (2p +n) Zi;lo (2p)* operators.

Proof. By induction. For P;, we know that the optimal plan
has length 2p + n = (2p + n) 22:0(2]9)“. Fort > 1,

assume L;—1 = (2p + n) 22;20 (2p)*. From Lemma 5 we
have

Ly = 2pLy 1+2p+n=
t—2
= 2p(2p+n) Z(2p)“ +2p+n=
u=0
t—2
= (2p+n)) (2p)"T +2p+n=
u=0
t—1
> @pt+1
u=1
t—1
(2p+n)Y (2p)". O

u=0

= (2p+n)

Theorem 7. Unless P = NP, there exists no polynomial-
time algorithm for approximating the optimal solution to
Py, to within polynomial factors.

Proof. Raz and Safra (1997) showed that the problem of
approximating the solution to MINIMUM SET-COVER to
within logarithmic factors is NP-hard. Specifically, there
exists ¢ > 0 such that unless P = NP, there exists no
polynomial-time algorithm for approximating the optimal
solution using less than (clogn)p clauses.

From Lemma 6, the optimal solution to P; contains
(2p+n) Ztu;lo(Qp)“ = O((2p)"~!(2p+n)) operators. The
best approximation of p we can hope for using a polynomial-
time algorithm is (¢log n)p, so any approximation of the op-
timal plan contains Q((clogn)'=1(2p)!~*(2(clogn)p+n))
operators, which is at least (clogn)!~! longer than optimal.
If we select t = k + n, Pyy, contains |V| = (k + n)?

state variables and (clogn) ™1 = (clogn)V!VI=1 is ex-
ponential in the size of the input. O

C!!' is NP-hard
Domshlak and Dinitz (2001) introduced the class C,, of
planning problems with chain causal graph (that is, the



Figure 3: Causal graph of the planning problem P(F")

Figure 4: The domain transition graph of the variables
51,52, --,52n-1,Vs.

causal graph is a directed path) and multi-valued variables.
In this paper we study the subclass (Cﬁ of C,, k > 2, that
contains all planning problems of C,, whose variables have
domain size at most k. Domshlak and Dinitz showed that
there are solvable instances of C? that require exponentially
long plans. Thus, there is no polynomial-time plan gener-
ation algorithm for C¥ with & > 3. Giménez and Jonsson
(2008) showed that plan existence for C,, is NP-hard. How-
ever, their reduction requires variables with arbitrarily large
domains. We present a new reduction that only requires vari-
ables with domains of bounded size. More precisely, in this
section we prove that plan existence for CL! is NP-hard,
while in the following section we extend this result to C”.

We show that CL! is NP-hard by reduction from CNF-
SAT. That is, to every CNF formula £’ we associate a plan-
ning instance P(F') of CL! such that P(F) is solvable if and
only if F'is satisfiable. In this section we describe the reduc-
tion, explain the intuitive idea behind it, and finally provide
formal proof of its correctness.

Let F = C; A --- A C), be a CNF formula on k clauses
and n variables z1, . . ., z,,. We define the planning problem
P(F) = (V,init,goal, A) as follows. The variable set V
is {s;li € 2n — 1]} U {vs} U {vli € [k],j € [n]} U
{ve} U{esli € [2n — 1]}, with domains D(s;) = D(e;) =
D(v.) = {0,1} for i € [2n — 1], D(vs) = {0,1,z},
and D(’Uz‘j) = {gxnga gi,0Qy,00,0a1, bo, b1, Cg, CO, Cl} for
i € [k],j € [n]. The initial state is defined by init(s;) =
init(e;) = init(ve) = 0, init(vs) = x, and init(v;;) = a, for
i € [k],j € [n], and the goal state is a partial state defined
by goal(v,) = g, for each ¢ € [k] and goal(e;) = ¢ mod 2
foreach i € [2n — 1].

The set of operators A is described by the domain tran-
sition graphs in Figures 4, 5 and 6. Dashed edges corre-
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Figure 5: The domain transition graph of the variables
Ve, €1,-.-,€2n—1-

spond to operators that depend on the formula F'. The for-
mal description of operators for variables s;, e;, vs, and v,
i € [2n — 1], is given by

o (s1=0;8 =1).

e foreachi € [2,2n — 1], (s;—1 = 0,8, = 0; 8, = 1) and
(sic1=1,8; = 1;8; = 0).

e for each m € {0,1}, (s2p—1 = 0,v; = x;v; = m) and
<52n—1 = lvvs =m;Vs = $>

o (Vgn = p,ve = 0;v, = 1) forp € {ap,a1,90,91}, and
<Ukn =P, Ve = L;v, = 0> forp € {axagrc}a

e foreachi € [2,2n — 1], (e,1 = 1,¢; = 0;¢; = 1) and
<62’_1 = O,Gi = ].; €; = O>

A similar formal description of the operators for the vari-
ables v;; would require too much space, so we refer to the
corresponding figures. Operators corresponding to dashed
edges depend on F' in the following way. For a variable v;;,
if the literal x; appears in C';, the dashed edge from a, to
b, instead points to g;; if the literal Z; appears in C}, the
dashed edge from a, to by instead points to gyg. Note that
no two consecutive edges have the same label; to change the
value of a variable twice it is necessary to change the value
of its predecessor in between.

Intuition

The intuition behind the planning problem P(F) is as fol-
lows. We can view the problem as having three parts: one
containing variables {s;};cjon—1) and v,, one containing
variables {v;;};c(x],je[n]» and one containing variables v,
and {e;};c2n—1) (cf. the causal graph in Figure 3, where
Front corresponds to the chain s1, ..., s2,_1, Vs, and End
to ve, €1, . .., e2,—1). The purpose of the first part is to gen-
erate a message of n bits representing a formula assignment
0. The purpose of the middle part is to check whether the
assignment o satisfies the formula F'. Finally, the purpose
of the last part is to ensure that the message is passed all the
way through to the end of the chain.

The first part is designed so that the value of the variable
v can change exactly 2n times. The only way to change the
value of v, is to move from x to either O or 1 and back to
x. Thus, changing the value of vy 2n times corresponds to
n decisions of whether to move to 0 or 1. We use the value
changes of v, to represent a formula assignment o by letting
o(x;) be the result of the i-th decision of moving to 0 or 1.

The second part has two purposes: passing on the mes-
sage generated by v, and checking whether the correspond-
ing assignment satisfies the formula F'. Note that each value
in the domain of v;; has subscript x, 0, or 1. The operators
are defined in a way that forces v;; to move to a value with
subscript m € {z,0, 1} if the predecessor of v;; is in a value
with subscript m (or, in the case of v;1, the value of v, is m).
Thus, v;; is forced to propagate the sequence of 0’s and 1’s
separated by z’s.

For each clause C; and each variable x; of the formula F',
the variable v;; checks whether C}; is satisfied by the assign-
ment o(z;) to ;. To do this, v;; has to be able to identify
the j-th bit of the message. Unless clause C; is satisfied by



(a)

Figure 6: Domain transition graph of (a) vi1, (b) v;1 for ¢ # 1, and (c) v;; for j

the assignment to an earlier variable x4, ¢ < j, v;; remains
within the subdomain {a,, ag, a1 } prior to arrival of the j-th
bit. If j = 1, v;; should react to the first bit. Otherwise,
v;; identifies the j-th bit by the fact that v;(;_1) is in a value
labeled ¢,,, m € {0,1}. As a result of receiving the j-th
bit, v;; either moves to g,, (if the assignment o(x;) = m
satisfies C;) or by, (if o(x;) = m does not satisfy C;).

If v;; moves to g,,, all subsequent variables vy, t €
[7 + 1,n], also have to move to g,,. Regardless of what
the rest of the message is, they remain within the subdomain
{9z, 90, 91 }- Since the subscript at the end of the message is
x, this ensures that the goal state goal(v;,,) = g, is satisfied
(representing that the clause C; has been satisfied). If v;;
moves to b,,, it is forced to move to ¢, next, and from there
to either ¢g or ¢y, correctly indicating to variable v;(; 1 1) that
the (j + 1)-th bit of the message has arrived.

The last part is designed so that the goal state of vari-
ables {e;};c[2n,—1] can only be satisfied if the value of v,
changes at least 2n times. This is only possible if the value
of v, as well as each variable in the set {vi; }ic[n], je[x] also
changes at least 2n times. The only purpose of this part is
to ensure that the whole message generated by v, is passed
through to the end of the middle part. Otherwise, variables
in {v4}icin),je[k) can “cheat” by not propagating a bit and
instead waiting for the next bit to arrive before moving.

Proof of correctness

Let F' be a CNF formula. We prove the correctness of the
reduction P(F), that is, we show that F is satisfiable if and
only if P(F) is solvable. To this end, we introduce some
notation and several easy lemmas to characterize the plans
solving P(F).

In what follows, when we refer to a (partial) plan we
mean any valid sequence of operators, not necessarily solv-
ing P(F). Let 7 be a (partial) plan of P(F’), and let v be a
variable of P(F'). We denote by T'(v) the number of times
that v changes value during the execution of 7.

Lemma 8. Let m be a (partial) plan of planning problem
P(F) = (V,init,goal, A). Letv € V' \ {s1} be a variable
of P(F), and let v’ be its causal graph predecessor. Then,
a)T(v) <T®W)+1, and

b)T(w) <T®W) ifv € {vi1,.. . Vkn,Ve, €15, €201}

Proof. None of the domain transition graphs of P(F') has

1.

two consecutive edges with the same label. This means that,
for a fixed value of v/, variable v cannot change twice in 7
without v’ changing its value. Thus variable v can change
at most 7T'(v") 4+ 1 times: once for every one of the T'(v")
changes of v/, and an additional change if variable v can
change value before v’ does it, that is, if the domain transi-
tion graph of v has some edge starting at init(v) with value
init(v’). Since this additional change may only happen if v
is s; fori € [2n — 1] or vy, it follows that T'(v) < T'(v') if v
is one of the remaining variables. O

Lemma 9. Let 7 be a (partial) plan of planning problem
P(F). Then,

o T(s;) <iforic[2n—1], and
o T(vs) < 2n.

Proof. Variable s; can only change once, so T'(s;) < 1.
Variable s;_; is the causal graph predecessor of s; for ¢ €
[2,2n — 1], and $2,,—1 is the predecessor of vs. The claim
follows by induction due to case (a) of Lemma 8. O]

Lemma 10. Let 7 be a plan solving the planning problem
P(F). Then,

e T'(e;) >2n —ifori € [2n— 1], and
o T(ve) > 2n.

Proof. We use a descending induction on ¢ to show that
T(e;) > 2n — i for i € [2n — 1]. The base case
T(ean—1) > 1 holds trivially, since the initial and goal val-
ues of eg,_1 are different. Now assume the induction hy-
pothesis T'(e;11) > 2n — i — 1 true for some 7. By case
(b) of Lemma 8, T'(e;11) < T(e;). On the other hand,
since goal(e;) # goal(e;+1) but 7 solves P(F), it follows
that T'(e;) # T(e;j+1). Hence T(ej+1) < T(e;), that is,
T(e;) > 2n — 1, as claimed.

Variable v, precedes e; in the causal graph, so the previ-
ous argument applied verbatim implies T'(v.) > 2n. O

Corollary 11. Let 7 be a plan solving the planning prob-
lem P(F). Then, T(v) = 2n for the variables v €
{U87 Vi1, - -+ Vkn, Ue}-

Proof. By case (b) of Lemma 8 we have that T'(vs) >
T(v11) > -+ > T(vgn) > T(ve). But, by Lemmas 9 and
10, all these values are equal to 2n, since 2n > T'(vs) and
T(ve) > 2n.



Until now, we have shown that plans solving P(F), if
any, are of a very specific form: variables v, v;; for ¢ €
[k],7 € [n], and v, in the central region of the causal graph
change values the maximal number of times possible. Con-
sider the sequence of 2n+1 values that variable v, takes in a
plan solving P(F), that is, z, m1, x, ma, ..., My, T, where
m; € {0,1} for all j € [n]. We denote by m, the message
mi, ma, ..., My, induced by m, and we denote by o, the
formula assignment defined by o (z;) = m; forall j € [n].

We say that a (partial) plan 7 is admissible if, even if
not actually solving P(F'), it behaves in the same way valid
plans do. A formal definition follows.

Definition 12. Let m be a (partial) plan of planning prob-
lem P(F) = (V,init,goal, A), and let v € V be a variable
of P(F). Fort € [0,T(v)], we define V(v,t) as the value
that v has after plan T changes its value for the t-th time.
In particular, V(v,0) = init(v). Fort € [T(v)], we de-
fine P(v,t) € [|n|] as the position in plan  of the opera-
tor that changes the value of v for the t-th time. Obviously,
P(v,t) < P(v,t+1) foranyt.

We say that 7 is admissible if, for any variable v in
{v11,- ., Vgn,vs} and its causal graph predecessor v', it
holds that P(v',t) < P(v,t) fort € [T(v)], and P(v,t) <
P, t+1)fort € [T(V') — 1]. In other words, variable v
changes exactly once between two changes of v'.

Lemma 13. If plan 7 solves the planning problem P(F),
then m is admissible.

Proof. By Corollary 11, any pair of consecutive variables
v',vin {vs, v11, ..., Vkn, Ve } change values 2n times. That
is, plan 7 contains 2n operators changing v at positions
P(v,1) < P(v,2) < -+ < P(v,2n), and 2n operators
changing v’ at positions P(v’,1) < P(v',2) < --- <
P(v',2n).

Recall that, as shown when proving case (a) of Lemma 8§,
no variable v can change value twice without its causal
graph predecessor v’ changing in between. Similarly, as
shown when proving case (b) of the same lemma, P(v, 1) <
P(v,1) ifv € {v11,...,Vkn,vs}. Then, we have 2n oper-
ators changing v, and 2n positions to place them, namely,
2n — 1 positions between P(v’,t') and P(v’, ¢’ 4 1) for each
t' € [2n — 1], and an additional position after P(v’,2n).
Clearly, the only possibility is to interleave them, P(v’, 1) <
P(v,1) < P(v,2) < P(v,2) < -+ < P(v,2n — 1) <
P(v',2n) < P(v,2n). Hence 7 is admissible. O

In what follows, Sf denotes the values of variables for a
clause C; produced by a plan 7. In Lemma 16 we show
that, if an admissible plan 7 induces an assignment o, then
these S! can only have a single form, namely Q?, which we
introduce in Definition 15.

Definition 14. Let w be a (partial) plan of the planning
problem P(F), and let C; be a clause of F. We define
S!, the partial state of clause C; after the ¢-th change,
as the partial state S!(v) = V(v,t) defined on variables
RS {'Uila Ce 7Uin}~

For instance, for any plan 7, S? is the partial state (v;; =
gy . Vin = ag) and, if 7 is valid, then S?"(v;;,) must be

g to satisfy the goal state. To simplify the notation, we may
write a partial state S! as if it were a word of n symbols, like
inSY =a, - a,.

Definition 15. Let o be a satisfying assignment of F. For
the planning problem P(F) we define the partial state Q!
induced by o for clause C; at time ¢, where t € [0, 2n], as
follows. Let q € [n] be the smallest index such that o(z,) =
1 and C; contains x4, or o(xzq) = 0 and C; contains Ty.
Finally, let j € [n], and let m = o(x;) € {0,1}.

a)lfq > j, then

7j—1
2j-2  _~ \
Qi =Cy " Cy Qg Qg Ay
25—1 _ . b
Qi =Cn - C,m m Gm - Qm
25
R S
b)If ¢ = j, then
7j—1
j—2 —
Qz Cp - Cy Ay Qg Ay
-1 _
Qi =Cm- " Cm Gm YGm " Im

c)If g < j, then

q—1 Jj—aq
2j—2 N
Q; =CC Gz Y Yz Yo Y2
-1 _
Qi =Cm " Cnm 9m " 9m dm 9m " 9m

Qf‘] =Cgp " Cyq gm...gm gz gz...gz

Partial states of the form Q?p for p € [n — 1] are defined
twice, but it is easy to check that the definitions coincide.

Lemma 16. Let m be an admissible plan of the planning
problem P(F). Then, for any partial state S! induced by ,
it holds that St = Q!, where Q! is the corresponding partial
state induced by o .

Proof. The domain transition graphs of variables v = v;;
for i € [k], j € [n] have the following characteristic in
common: all edges starting at the same vertex in the domain
transition graph of v have different labels. That is, if v’ is the
causal graph predecessor of v, and (y,y’) is a pair of values
y € D(v) and y’ € D(v’), then there is at most one operator
of the form (v = y,v = y';v = 2) for some z € D(v).
Hence the values that variable v, takes during the execution
of 7 determine uniquely all partial states S.

Hence we only need to check that any partial state S is
indeed Q. This follows from a double induction on ¢ and
i. The base case t = 0 follows trivially, since SY is the
initial state init restricted to variables {v;1, ..., v, }, which
coincides with QY, that is, @*~2 with j = 1 in cases (a)
and (b) of Definition 15. ‘

Then, assuming the inductive hypothesis holds for Q?J -2
for a fixed j > 1 and all ¢ € [k], we prove that it also holds
for partial states Q27" and Q2. To show this, one also
proceeds by induction, this time on ¢. This is necessary be-
cause the induction hypothesis must hold for Q! _; before
proving it for QY, since the causal graph predecessor of v;;
is V(i—1)n-



To complete the proof, the following checking remains.
For any i € [k] and j,t,q € [n], let v = v;; and let v’ be its
causal graph predecessor. Then there exists an edge in the
domain transition graph of v from value Qf‘l(v) to value
Q! (v) having label Q! (v')if j > 1, label Qt_,(v')if j =1
and i > 1, and label V (v, ) if j = ¢ = 1. O

Proposition 17. Let F' be a CNF formula. If 7 is a plan
solving the planning problem P(F’), then the formula assig-
ment o, satisfies F.

Proof. This is just a direct consequence of Lemma 16. A
valid plan 7 is also admissible, so the partial states S}
are equal to the partial states Q! induced by o, for all
t € [0,2n] and ¢ € [k]. On the other hand, since 7 is a
valid plan, it must hold that S?"(v;,) = goal(v;y,) for all
i € [k]. This implies that Q7" necessarily has to follow ei-
ther case (b) or (c) of Definition 15. Thus ¢ < n, which
means that the assignment o, satisfies clause C;. O

Proposition 18. Letr F' be a CNF formula. If o is an assign-
ment satisfying F, then there exists a valid plan 7 solving
P(F) such that o, = o.

(Sketch). The plan 7 contains 2n operators that change
the value of variable vs, to form the message m, =
o(z1)o(zg) - o(x,). While doing so, it propagates this
message up to variable v.; by the proof of Lemma 16, vari-
ables v;; can change values in a unique way so as to retain
admissibility. Note that, although Lemma 16 completely de-
termines the values that variables v;; get, many different op-
erator orderings may achieve this result; any one shall do.
Finally, it is easy to complement this plan 7 with the nec-
essary operators to allow variable v, to change values 2n
times, and the operators to allow variables e; to reach their
goal states. Since o is a satisfying assignment, for any clause
C;, i € [k] there is a ¢ € [n] such that C; is satisfyed by z,,
$0 S2™(vin) = gu, as required by the goal state. O

Theorem 19. The problem CNF-SAT is polynomial-time re-
ducible to CL1.

Proof. A direct consequence of Propositions 17 and 18, and
the fact that we can produce the planning problem P(F’) in
polynomial time.

CT is NP-hard

We describe how the reduction introduced in the previous
section can be improved in a way in which the planning
problem P(F') only needs domains of size 7. The new
reduction we obtain follows the same idea, but we use a
much more involved construction to check if the assign-
ment o, satisfies clause C;. Previously, we had n variables
{vij}jen)> and the individual role of one variable v;; was,
essentially, to check whether the j-th bit o(z;) of the mes-
sage being transmitted makes clause C; become true. Now,
we replace each variable v;; with three different variables
vj;, v7; and v, that will collectively play the same role.
Figure 8 shows the domain transition graphs of variables

1 ; 2 3 : ;
v;;, for j # 1, and v}, and v}, for i € [k],j € [n]. The

(a)

Figure 7: Domain transition graph of (a) vi;, and (b) v} for
i €[2,k].

dashed edge in the domain transition graphs of vilj from a,
to by, and the edge from a, to b;, will point instead to g,
if, respectively, clause C; contains literal Z; or literal ;.
Figure 7 shows the domain transition graphs of variables v}
with i € [2,k] and variable v{,. Again, the dashed edges
point to g, if clause C; contains a literal Z7, or a literal z;.
The initial value for all variables of type vfj is a,; the goal

state goal is goal(v?,) = g, for i € [k], and undefined for
all other variables of this type.

We briefly explain how this new construction achieves the
same goal than the previous one. The reader is advised to
attach the same interpretation as in the previous reduction
to values {ag, a1,a,} and {go, g1, 9. }, that is, respectively,
that the j-th bit of the message has not been received yet,
and that the clause has been made true. Values {bg, b1, b, }
in v;; and v}}; convey the meaning that the j-th bit has been

already processed; in variable vfl, value b, means that the j-
th bit of the message has not satisfied the clause C;. In what
remains of the section, we provide a high-level description
of the workings of these variables.

Consider a triplet vilj, vfj and vfj. If causal graph prede-
cessor v’ of variable v;; holds a value in {ag, a1, a,}, then
vilj replicates its behaviour, passing along the message. If,

however, v belongs to {by, b1, g, }, variable vilj will move to
the right hand side of the transition graph. Depending on the
dashed edges, v}j will pass through g,. When this happens,
all variables of the form v};, for j’ € [j,n] and ¢ € [3] can
propagate this fact since, indeed, all such variables can jump
from a,, to g, when its predecessor has value g,.

Note that, in contrast with the previous reduction, variable
vilj is allowed to change twice without v’ having changed:
once from a, to g, to provoke the shortcut for all remaining
variables, and then move again from g,, to b,,, form € {0, 1}
to actually propagate the j-th bit of the message. However,
to reach the goal state for each v?,, where i € [k], one of the
vilj has to move to g, for the correct bit of the message.

As we have seen, variable v}; checks whether o(z;) satis-
fies the clause C;. However, it does not have enough values
to remember if it visited value g, or not during the course
of the plan execution. Variable v?j, on the contrary, is able
to remember it, by keeping separate values {go, g1, 9.} to

keep memory of this fact and, at the same time, allow the



Figure 8: Domain transition graphs of (a) vilj fori e

propagation of messages. Note also that, as a side effect, the
domain transition graph of variable vfj also provides a con-

venient delay when vilj moves to by or by, since, as can be

seen, vfj must first move to ag or a1; only at the next round

will v7; follow v{; into b,. This delay is the one that allows
the variables to count the number of bits being transmitted,
and only act on the j-th one.

Finally, variable U?j is necessary because the domain of
variable vfj does not contain values by and b1, so the causal
graph succesor of vfj cannot distinguish between situations

a and b when vfj is passing along a bit 0 or 1. Variable vf’j,
as can be seen, essentially replicates the values of vZ;, but

o . 5>
correctly tracks situations a and b at all times.

Conclusion

In this paper we have presented novel complexity results for
two classes of planning problems. Although presented in
terms of the specific classes 3S and (CZL, it is worth mention-
ing that the implications are of a more general nature.

First, we showed that finding an approximation polyno-
mially close to optimal is NP-hard for planning problems
in the class 3S. Consequently, the best we can hope for is
an approximation that is exponentially longer than optimal.
Note that although the class 3S allows for three types of op-
erators, we have only used one type of operator in our re-
duction, namely symmetrically reversible. It follows that the
very same reduction automatically extends to any other class
of planning problems allowing symmetrically reversible op-
erators and graphs of the form we use in the reduction. We
conjecture that it is possible to drop the requirement that the
reversible operators be symmetrical, which would make the
proof even more general.

We also showed that deciding whether or not a planning
problem has a solution is NP-hard for the class C,,, even
if the variables of the problem have domain size at most 7.
Clearly, this result generalizes to any class of planning prob-
lems that is defined in terms of causal graphs whose depth
is not bounded. Here, the depth is the maximum length of
shortest paths between pairs of variables of the causal graph.
Some of the causal graph may be connected, but if part of the
causal graph has the form of a chain or other sparsely con-
nected structure, even small domain sizes are sufficient to
make the problem intractable.

k], 7 € [2,n]; (b) v; and (c) v; fori € [k], j € [n].

Could this result be extended to smaller domains, like (C?L?
We believe it could, but have been unable to prove it. What
about C3? We really doubt it: domain transition graphs
of size 3 seem too small to construct a reduction like the
one presented. However, so far we have failed to derive a
polynomial-time plan existence algorithm for C3.
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